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1 Introduction 


The idea that a collection of branes can undergo an “expansion” into a single higher-dimensional 
D-brane under the influence of a background Ramond-Ramond (R-R) potential was first explored 
by Emparan Q. Although his main concern was with the description of N fundamental strings 
expanding into a Dp-brane, he also realised that D(p — 2)-branes could undergo such an expansion. 
Emparan’s analysis of this effect was entirely at the level of the abelian theory relevant to the 
description of the single Dp-brane. Switching on a background R-R (p -|- 2)-form field strength, 
he found solutions of the combined Born-Infeld-Chern-Simons theory with topology x 
where M"" denotes an n-dimensional Minkowski space, and with N units of dissolved electric flux, 
corresponding to the fundamental strings. Similar solutions, with topology x 5^, and with 

N units of dissolved magnetic flux, corresponding to D(p — 2)-branes, are easily found. 

R was some years later that a description from the point of view of the lower-dimensional 
D(p — 2)-branes was provided Q. This involved an analysis of certain couplings in the non-abelian 
Born-Infeld-Chern-Simons action proposed by Taylor and van Raamsdonk and Myers [^. From 
this perspective, the expansion is due to the fact that the transverse coordinates of the D(p — 2)- 
branes are matrix-valued. Myers’ original analysis was of a collection of N DO-branes, in the 
presence of a background R-R four-form field strength; they spontaneously expand into a D2- 
brane of topology M x where denotes the non-commutative two-sphere. The D2-brane 

is uncharged with respect to the four-form, but has a non-zero dipole moment. Hence the name of 
a “dielectric” D2-brane. Configurations for arbitrary p, and more general configurations involving 
fuzzy cosets, were described in Q. 

These two descriptions of the dielectric effect — abelian and non-abelian — are of course dual 
to one another. In the limit of large N, the non-commutative nature of the fuzzy two-sphere is lost, 
it becomes a smooth manifold, and the two descriptions do indeed agree. 

In principle, all such dielectric branes should have a corresponding supergravity solution de¬ 
scribing the back-reaction of the brane on spacetime. Technical difficulties, however, have limited 
the analysis of such solutions to that of N D4-branes i I or N F-strings Q expanding into a 
D6-brane with topology x S'^ and x respectively. In both cases, there is a stable and 
an unstable radius of the dielectric sphere, the form of the effective potential matching the abelian 
worldvolume analysis precisely |^, 

There is thus much evidence, from both the worldvolume and supergravity perspectives, that 
the dielectric effect is not limited to D-branes, but that dielectric F-strings also exist. One can 
then pose the following question: can the expansion of F-strings into a Dp-brane be described from 
the point of view of the strings themselves? It is the purpose of this paper to answer precisely this 
question^} 

Since, from the strings’ perspective, the dielectric effect should be due to matrix-valued co¬ 
ordinates, we are led to a consideration of Matrix string theory [^, R, H]. Starting from the 
Matrix theory action |T^, ^], one compactifies on a circle, reinterprets the resulting theory as a 
(I -|- l)-dimensional super Yang-Mills theory on the dual circle [^], and then performs the so-called 
9-11 flip, which implements a further S- and T-duality |j^. It is easy to see that the result is a 
(1 -|- l)-dimensional super Yang-Mills theory describing N fundamental strings in the type IIA the¬ 
ory. In the weak string coupling limit, one recovers N copies of the Green-Schwarz action describing 
light-cone gauge string theory. 

To discuss possible dielectric solutions of Matrix string theory, we need to know how the R- 
R potentials couple to the worldvolume of the (Matrix) string. Since the Matrix theory action 

recent attempt to answer this question from the perspective of Matrix string theory has already been made |^, 
although the results seem somewhat opaque to the authors and there is little overlap with this work. 
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in a weakly curved background is known |p!5| , [T6| , one can in principle run through the above 
chain of dualities to derive the Matrix string theory action in a corresponding weakly curved 
background. Indeed, Schiappa has already considered this computation, and has written down an 
obvious dielectric-like solution []^|. However, it is not at all clear that this solution corresponds to 
a dielectric string, for reasons explained later in this paper. Moreover, we find couplings to various 
components of the R-R fields over and above those found by Schiappa |^] and, for this reason, we 
consider the problem of deriving the Matrix string theory action in a weakly curved background 
from scratch. We should further note that one of us has also already derived couplings of the type 
IIA F-string to various background R-R potentials |^|. 

One might think that F-strings could expand into a Dp-brane with topology x 5^“^ for 
any value of p, but this is not the case. As mentioned above, one generically finds a stable and 
an unstable spherical solution of the Dp-brane theory with dissolved electric flux. Expansion into 
a D2-brane, however, is atypical: only an unstable solution exists |l|. Indeed, this observation 
is mirrored in the corresponding (albeit smeared) supergravity solution [^. One might suspect, 
therefore, that stable cylindrical D2-brane solutions of the type IIA Matrix string theory do not 
exist, and we aim to address this issue here. 

A further T-duality takes us to a type IIB Matrix string theory which, as the S-dual of the 
D-string theory, describes N F-strings in the static gauge. Just as D-strings can expand into 
D3-branes, so can F-strings and the dielectric solution presented in Q is equally applicable here. 

In the following section, we consider Matrix theory in a weakly curved background |T^, ^|. 
It is easier to consider the chain of dualities leading to Matrix string theory in ten- rather than 
eleven-dimensional language, so we choose to work with the DO-brane theory in a weakly curved 
background. This has been derived from the Matrix theory results in 0 — we show explicitly 
that it reproduces the lowest order expansion of the non-abelian DO-brane theory of Taylor and 
van Raamsdonk and Myers Q. T-duality, taking us to the D-string theory, is considered in 
section 3, and the 9-11 flip in section 4. We show that the resulting linear action reproduces the 
light-cone gauge string theory action in a weakly curved background, thus lending some weight 
to our results. Indeed, we need the extra couplings, relative to the results of |]^, for this to be 
the case. A further T-duality taking us to the type IIB theory is considered in section 5 and, 
although we cannot perform the S-duality rigorously, we argue that the result is equivalent to the 
S-dual of the D-string theory. In section 6, we apply once more a T-duality transformation, this 
time in a direction transverse to the IIB string, giving a theory of type IIA F-strings with winding 
number rather than light-cone momentum. Some of the resulting couplings of both the type IIA 
and the type IIB strings have already been considered by one of us |jl^. Dielectric solutions are 
considered in section 7, where we give some explicit solutions describing the expansion of F-strings 
into Dp-branes for different p. We conclude in section 8. 


2 Matrix theory 


The bosonic sector of the Matrix theory action in a flat background is [13| 

I 


‘S'flat 


R 


dt Tr 


+ -J^[X\X^][X\X^] 


( 2 . 1 ) 


where Ip denotes the eleven-dimensional Planck length, R is the radius of the eleventh dimension 
and DtX^ = dfX^ + i[At,X^]. We will choose the gauge = 0 throughout this paper at the 
expense of losing explicit gauge invariance. With the string coupling set through the relation 
R = gs\^, this action is the non-relativistic limit of the non-abelian Born-Infeld action describing 
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N DO-branes, with mass quantized in units of 1/R: the dimensional reduction to one dimension 
of ten-dimensional Yang-Mills theory with gyM ~ The connections are more subtle, 

however (see, e.g., |^^). After all, when N is large. Matrix theory captnres eleven-dimensional 
physics in the infinite momentum frame |jl^. For finite N, it is equivalent to a DLCQ or nnll 
compactification of M-theory |^, |^, whereas the type IIA DO-brane theory comes about via 

a spacelike compactification. The two actions are then related by an infinite boost in the eleventh 
dimension. At any rate, if we take Tq = 1/R and R = gsV(^, so that Ip = gy^\/^, then we recover 
the Yang-Mills description of DO-branes. 


2.1 Linear couplings in Matrix theory 


Matrix theory in an arbitrary background is understood only rather poorly (although see [24, 25, ^ 
for early work on this snbject) and, in the above sense, this is related to the question as to what is 
the form of the non-abelian Born-Infeld theory in cnrved space. Rabat and Taylor have derived the 


linear Matrix theory conplings to bosonic backgronnd fields j^j and Taylor and van Raamsdonk 
have extended these calculations to inclnde fermionic backgrounds jj^. They have farther derived 
the linear couplings of the DO-brane j^j and Dp-brane |3| theories from Matrix theory. The results 
certainly seem to agree with the linear order expansion of the combined non-abelian Born-Infeld- 
Chern-Simons action proposed by Taylor and van Raamsdonk [^ and Myers |0], including the form 


of the overall symmetrized trace due to Tseytlin j^j. More precise expressions for the Matrix theory 
couplings, to all orders in both derivatives of the background fields and the fermionic coordinates, 
can be had by dimensional reduction of the eleven-dimensional supermembrane vertex operators 


constrncted in 


In other words, one can write the Matrix theory action as 

S = S'flat + S\ inear? 


with S'fiat given by (^), and where the linear action has the form ||l 


*5linear — 


/' 


1, 


dt STr i -hABT^^ + + AabcdefM 


ABC 


lABCDEF 


( 2 . 2 ) 


(2.3) 


where A,B = 0,..., 10 and STr denotes the symmetrized traceQ. The eleven-dimensional metric, 
hAB, 3-form potential, Aabc, and its 6-form dual, Aabcdef, couple to the energy-momentum 
tensor, membrane current and 5-brane cnrrent respectively. The form of these currents has been 


worked out explicitly, and they match eleven-dimensional supergravity predictions [15|. There are 
also higher-order multipole couplings to derivatives of the background fields, but we will not be 
concerned with them here. One can relate this linear action to that relevant to the description of 
DO-branes, via the infinite boost mentioned above. The DO-brane currents, denoted I, are related 


in this manner to the eleven-dimensional cnrrents and A4, as explained in jWj. 
The linear DO-brane action is then 


'S'linear 


-.1 


dt STr \ + 't'U + V'r + 


+c«/'‘ + cjSgr + , (2,4) 


^We include both the overall factor of 1/i? and the overall gauge trace in the action, rather than in the currents, 
for convenience. 
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where = 0, The currents Ih,Is,h and Ip couple respectively to the metric, the 

Neveu-Schwarz-Neveu-Schwarz (NS-NS) 2-form potential its 6-form Hodge dual and the 

R-R {p -|- l)-form potentials The potentials and C^'^\ the Hodge duals of and 

have been rescaled relative to |jl^, ^]. Note that there should also be couplings to but 
these are not determined by the analysis of |]^, The currents appearing in ( p.4| ) are given in 
terms of the dimensional reduction of the Born-Infeld field strength, 


Foi = = dtX^ = X\ 


F^, = F*^' = 


R 




( 2 . 5 ) 


where z, j = 1,..., 9. Usually R is taken to be F = gsV^, and so one has A = 27ra' = ‘I'nl^pjR. 
After the 9-11 flip of section 4, however, the role of the ninth and the eleventh coordinate are 
interchanged, and this relation is no longer true. For this reason we define a general quantity 
/3 = 27r/p/F, the DO-brane theory and its duals being recovered upon taking /3 = A. 

Substituting for (|^), the NS-NS currents are jl^: 


4 = 1- -F'J*F"* + -F*^F*^ - - F^'^F^pFP^F^p --{F^'^Fp,) 


rOO 

-'/l 


= -F 


■'h 


7-02 

IV 






1 


1 


—1 + - 


4/3' 


■[A,A]^ 


I + \pijpij ^ j 1^2 _ J_ 

2 4 2 4/3' 




Oi 


II 1 p^j pOj 1 pffc 1 _ pijpF pOk 

2 4 ' 


1 ,v 


= AM 1 -1 -A^ - 


1 


1 


[A,A]^ ) -^[A^A^][A^A'^]A^ 


2^“ 4/32' ’ V /32 

pOipOj p pikpkj ^ A^][A*', A^'], 

\pi3p0i ^ _l^[x\xnP, 

2 2/3 ^ ^ ’ 


1 

2 

z 

2(3 


( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 

(2.9) 

( 2 . 10 ) 


P^3 I 11 I \pklpkl _ }ip0jp0j\ I }ip0ip0kpkj _ }ip0jpOkpki , \pikpklplj 

^4 2 /' 2 2 '2 


1 ■ 


1 

4'^2 


z 

2f3 


^[X\X^] { 1-^A2 - ^[A,A]^ ) (A*[A^A'^]A''-A^[A*,A^]A^ 


-^[A^A''][A^A'][A^A^], 


( 2 . 11 ) 


where we have defined 


A^ = 


A* A*, 

[A,A]2 ^ [A^A^][A^A^], 

[A,A]^ = [A^A^■][A^A*^][A^A'][A^A4 


The R-R currents are IT 


rO — 11 

-'0 — 


( 2 . 12 ) 
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(2.13) 

(2.14) 


lo = 

—F°* = 

I 2 ' = 

_i _pb - 


6 

II 

- fF°*i 


6 V 






jOijkl _ 


— -(X^[X\X’^]+X^[X'‘,X^]+X^[X\X^) , 
6/3 V 

- ^ F^^F^'' + F*^ F’'^ + F*^F-^^^ 


= ([X^X^■][X^X'] + [X\X^][X\X^] + [X^X'][X^X^]) , 

jijkim ^ 

2 ^/3 

^Oijfcimn ^ -fI^^F^'F”^^] = ^[X[^X^■][X^X^][X™,X’^1], 

jijkininp _ ^ F^^F^"^= "^X^^lX^ X^][x\ X'^][X'^, X^"^]. 


(2.15) 

(2.16) 

(2.17) 

(2.18) 
(2.19) 


Up to a couple of caveats, we show below that the above currents agree with the expansion, to 
linear order in the background fields, of the multiple DO-brane theory of Taylor and van Raams- 
donk Q and Myers [Q. The first such caveat is that we must have = 0 if the two actions are 

to match |^. In other words, DO-branes cannot expand into NS5-branes. We will therefore drop 
this term from now on. The second is that the currents and derived from Matrix theory 
actually contain further terms [^, the form of which seems less certain. Indeed, although the 
expressions (^^) and (|2.9|) match precisely the first-order expansion of the non-abelian Born-Infeld 
action, as given in |^, we have not been able to match these extra terms in and . We will, 
for this reason, ignore them. 


2.2 Matrix theory vs. multiple DO-branes 

We will now show that the above currents are recovered in the expansion to linear order in the 
background fields of the multiple DO-brane theory^. If we set the NS-NS fields to zero, the multiple 
DO-brane action is |^, 


5 

= S'flat + 'S'cs, 

(2.20) 

‘S'flat 

= -To J dt STr 1 Y^(l - Xi{Q-%Xj) det(Qi,)| , 

(2.21) 

<508 

= To y STv|f }, 

(2.22) 


where Tq = 1/F = l/{gsV^) and 

= 5^^ + ^[X\X^]. (2.23) 

A 

The pull-back is defined in terms of gauge covariant derivatives, such that 

P[uj] = {loq + DtX'^uji) dt = {loq + X'^oJi) dt, (2.24) 

®See also [ ^ . 
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with obvious generalizations to forms of higher degree. The interior multiplication is 




(2.25) 


giving rise to the relevant commutators in the action. The Chern-Simons action (2.22) becomes 


5cs = To / STV<^P 


^ (ixix) ^ (i^i^)2 c(5) - ^ (i^i^)3 c(7) 

+^(ixix)V(9) 


(2.26) 


It is easy to see that the DO-brane R-R currents, ( 2.12|) - (|2.1£ ), of the previous subsection, can be 
written such that 


dt 

cjS)pir dt 


1 


_(7(5) r/^i-"/^5 

336 ^ mi .../^ 7^6 dt 


P[C^% 

jP[ixixC^% 


(2.27) 

(2.28) 

(2.29) 

(2.30) 


which reproduce the Chern-Simons action (2.26). Since we have set the NS-NS 2-form to zero, 
these linear couplings are actually exact. We should also note that one could derive the correct 
Matrix theory coupling to in (2.4) by comparing with the Chern-Simons action ( 2.261) . 

The NS-NS fields are somewhat harder to deal with. To linear order in the background fields, 
the non-abelian Born-Infeld action is 


•S'nBI = S'nbi(<(' = 0) — 


(2.31) 


with S'flat as in (2.21). This gives the dilaton current: 


4 = ^J{l-XQ-^X)detQ, 

, ^5 expanding the current 


where XQ~^X = X^(Q~^)ijX^. As shown already in 
relevant order, gives the Matrix theory result (p.6|). 

The action containing the couplings to the metric and NS-NS 2-form is more complicated: 


(2.32) 
to the 


SNBiicj) = 0) = -To f dt STr {^-P [Eoo + Eoi{Q-^ - 6)\E’^^Ejo] det(QC)} 


where 


Q'j = d^j + j[X\X^]Ekj. 


To linear order in the background fields, E^i, = + hfj^u + so that 

Q*, = Q\ + {Q-^)\j[X\X^]ihmj + 6,n,)) , 

which gives, again to linear order. 


= [d^k- {Q-yij[x\x-^]{h^k + b^k) ] {Q-r, 


(2.33) 

(2.34) 

(2.35) 

(2.36) 
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so we have all the ingredients we need to derive the linear Born-Infeld couplings to the metric and 
NS-NS 2-form potential. We find 


rOO _ 

-'/i — 

rOi _ 

r— 


f3 

-'h 


jOi _ 


p3 


Vditg(i-xQ-^x)-i/2, 
VditQ(l - XQ-^X^ 


(2.37) 

(2.38) 


^v^ditQ(i-xg-ix)-i/2 


X\Q-^y,X’^ - jXyQ-yi^[X^,X^]{Q-y\X>^ 


--(1 - XQ-^X){Q-y\[Xyx^] + ii^ j) 


1 


-V^ditQ(l - XQ-^X)-^/^ (Q-i)['^lW, 


1 


= iyditQ(l-XQ-iX)-i/2 


X\Q-y\X^ - -XyQ-yi^[X'^,X^]{Q-y\X^ 


--(1 - XQ-^X){Q-y\[X\X^] -{i^ j) 


(2.39) 

(2.40) 

(2.41) 


One can verify that the lowest order expansion of these currents reproduces the results (2.7)-(2.11) 


3 T-duality: multiple D-strings 


To construct the Matrix string theory of Dijkgraaf, Verlinde and Verlinde |11], one compactifies 
Matrix theory on a circle in, say, the x® direction. Taylor has shown that this is equivalent to a 
(1 + l)-dimensional super Yang-Mills theory on the dual circle |14]. Taking now i,j = 1,..., 8, and 
denoting the dual coordinate by x, the world volume fields transform as []T| 


F,, = r^ = -[x\x^ 

Fgi = F^^ = ^[XyX^] 
Foi = -FO' = Y* 


p _ p09 _ y9 

X 09 — —X — A 


1 


2TTRg 

1 

2TTRg 

1 

27ri?9 

1 

2TTRg 


dx-[X\X^], 

dx^D^X\ 


dxX\ 


/ 


dxXA^, 


(3.1) 

(3.2) 

(3.3) 

(3.4) 


where Rg = a' jRg is the radius of the dual circle. Of course, this is just T-duality applied to Matrix 
theory. By construction, the multiple DO-brane action ( ^.20 ) considered in the previous section is 
covariant under T-duality, so an application of T-duality to the DO-brane action (^^) derived from 
Matrix theory should reproduce the non-relativistic limit of the multiple D-string action. 

Certainly, the action (|2.lD in a flat background becomes, with DX^ = D^X^ and A = Ax, 


•Sflat = 


1 


27r7iF9 


dtdx Tr 


- -^DX^ + —+ J_[x\ Y^]2 
2 2/32 ^2 4/32 ^ ’ J 


(3.5) 


which, with /3 = A, is just the non-relativistic limit of the flat space D-string action; with T-duality 
acting on the string coupling as 


9 s — 9s' 


a 


Rg ’ 


9s 


(3.6) 





























the overall factor is Ti = l/( 5 sA) as required. Turning to the linear action (2.4), we must consider T- 
duality applied to both the worldvolume and background fields. As far as the currents are concerned, 
we simply take the Is written in terms of the Born-Infeld field strength (p.5| ), and reinterpret the 
relevant components through the action of T-duality as given by (3.1)- (|3.4D above [^. This is a 
simple re-writing, the results being collected in the appendix. 


To linear order, the action of T-duality on the background helds is: 

ha9 ^> —ba9, ^9a <-> &9aj hgg <-> —hgg, (j) -> 4> “ \hgg, 


(3.7) 


q ^ 

di... cLp —y 


(g'(p-i) 


(3.8) 


where a,b = 0,... ,8, and all other fields are invariant. A simple application of these rules gives 
1 


'S'linear 


2tt RRg 


I dtdx STr - 2ha9lf - \hgglf + - hgg^ ^ - bagif + babl 


ab 




^a9 "^0 


, - ^^(6) rai...a5 j_ ^(6) 7-ai...a69 i 

—^ai...a59-'4 


'^ab '^2 


abc9'^2 


12 


''ai...a4'^4 


60 


48 


336 




(8) 

ai...a79''6 




(3.9) 


There should also be an extra coupling to , coming from the unknown Matrix theory coupling 
to 

The resulting action should be equivalent to the linearized version of the D-string action. With 
the results in the appendix, it is easy to see that the R-R terms can indeed be written as 


5r_r = Ti / STr P 


A F + + i(ijfi^)C'(2) ^F + Y(ixix)C(^) - ^(ixix)^C’^^^ A F 


2A 


-^(ixix)^C'(®) - ^(ixix)^C'^®) ^F - ^(ixix)^^^®) A F | , (3.10) 

where -Po9 = A. We should note that only half of the terms necessary to form the pullback of 
are present in the linear action (|3.9|). The missing terms come from the coupling in the DO- 


brane action (^), as mentioned above. At any rate, this is just the expansion of the Chern-Simons 
action 


5cs = ri / STr F 


|p e*{ixix)/A Q{n)'^ ^ gAFj ^ 


(3.11) 


as expected. It is computationally more involved to check the NS-NS couplings in (|3.9|) against the 
non-abelian Born-Infeld theory of D-strings, and we will not do this here. 


4 Matrix string theory: multiple IIA F-strings 
4.1 The 9-11 flip 

Having constructed the (1 -|- l)-dimensional theory of the D-string, we are now in a position to 
perform the so-called 9-11 flip, a rotation 


11 




— X 


(4.1) 


which will give us the type IIA Matrix string theory action in a linear background. Whereas 
Schiappa |^| considers the action of the 9-11 flip on the currents, and leaves the background fields 
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invariant, we take the view here that it is the currents which are invariant under the 9-11 flip. 


After all, in the flat space case, the 9-11 flip does not change the worldvolume fields |n.|. Moreover, 
Schiappa has argued that the currents are in fact invariant under the S- and T-dualities |^. We 
simply take i ?9 = gsVa', so that Rg = /gs and Ip = gt^^Rg. We then define the dimensionless 
worldsheet coordinates 

X R 


a = 


and perform the rescalings X® — 
the Matrix string action of ||ll[|: 


Rg 

y/a' X® and gs 


T = —t, 
a 


(4.2) 


gs/{27r). The flat space action (^) becomes 


•Sflat = 


1 


/ 


drda Tr 


-X^ _ 

2 2 2 


-k 


45: 




(4.3) 


where — 00 < r < 00 and 0 < cr < 27r. Weakly coupled string theory at gs = 0 is recovered in the IR 
limit, so is described by strongly coupled (l-l-l)-dimensional Yang-Mills. The conformal field theory 
which describes this IR limit is a sigma model on an orbifold target space |^T|. The matrix-valued 
coordinates must commute in this limit, so can be simultaneously diagonalised, the eigenvalues 
x\,..., corresponding to the positions of the N strings. Then the action (|4.3| ) reduces to a sum 
of Green-Schwarz actions for light-cone gauge string theory: 


'S'flat 





(4.4) 


The couplings to linear background fields considered herein should thus tell us something about 
light-cone gauge string theory in weakly curved backgrounds. 

The action of the 9-11 flip on the background fields is easy to derive. Consider, for example, the 
type IIB metric fluctuation hag- Its T-dual on the type IIA side is —bag, or in eleven-dimensional 
language -Aagu- Under the 9-11 flip -Aagn ^aii 9 = -bag- In other words, hag -bag 
under the 9-11 flip, which is just (linearized) S-duality followed by (linearized) T-duality in the x® 
direction. Arguing in a similar manner, one finds that the linear background fields transform in 
the following way under the 9-11 flip: 


b-ab ^ 

b-ab Vab (*/* 2^99) ’ 

hag ^ 

bag, 

hgg -> 

-(</> + ^ 1199 ), 


(j) -> - 

A + ^hgg, 

bab 

^(3) 

^abg^ 

bag —> 



C(o) — 

V'9 , 

'^ab 

bab. 

^a9 

" hag. 

(4.5) 

'-/ai...a4 

^(5) 

''^ai...a49> 

ri^) _ 
'~^abcg 

^(3) 

'-'afec’ 

^(6) 

^ai...ae 

■'’ai...a69’ 


^(6) 

'“^ai...a59 

bai...a5g, 

^(8) 

<-/ai...a8 

_^ _^(9) 

'-^ai...a89’ 

^(8) 

^ai...a79 

' '^ai...a-Y- 



Here, is the field that couples minimally to a type IIA Kaluza-Klein monopole whose 

Taub-NUT direction is along x®. It is easy to verify that the above transformations are precisely 
what one would find by performing a linearized S-duality (in the string frame) 

h —> h — g(j), (j) —> —(j), 62 —> 

C7(o) —, . 62 , —> bg, ^ 
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(4.6) 

(4.7) 







followed by a linearized T-duality in the direction, 
T-duality rules for the field Iq [^: 


as in (^) and (^), plus the linearized 


^ai...a6 


N. 


(7) 


ai...a69> 




5ai...a59' 


(4.8) 


Performing the transformations ( |4.5| ) on the linear action (p.S|), and substitnting for ( [4.2| ), one 
finds 




IIA 

linear 


h! 


a 


drda-f-TT STr 


1 

2 


{^ab dab 



jab 


+ 2ba9lf 






r99 


(<^ - h + - C® If - - ha9l^ + 

I ^ /^(5) 7-ai...a49 i ^ I Ta\...a^ , ^ a/'(7) Tai...ae9 ^ /^(7) ja\...aj \ (a q\ 

12^cii...ci49'^4 QQ^ai...a59^4 > 'ai...a69'^6 ^^0^ai...a7'‘6 | ' 

Writing the currents in the appendix in terms of the dimensionless quantities r and a, and after 
rescaling X* —> yfoUX^ and gg —> g's/(27r), this is the action describing Matrix string theory in 
a weakly curved background. There is no need to write out the new couplings in full, suffice it 
to say that each term of the form X, XDX/f5, [X,X]/f3 and \A appears multiplied by a factor of 
Rj^f^^ each [X, X] term appears multiplied by a factor of l/^s, and each A term appears with a 
factor of gg. We should note that the couplings derived by Schiappa [|^] are as above, but without 
those couplings to fields with a component in the direction. As we will see below, these latter 
are necessary to match with light-cone gauge string theory. 


4.2 Light-cone gauge string theory in a general background 

To examine the action (|4.9|) , let us consider the weakly coupled string theory, gg = 0. Just as in 
the flat case, the Born-Infeld field strength drops out entirely, and one is forced onto the space of 
commuting matrices as above. Moreover, the couplings to all Ramond-Ramond fields vanish, as 
one might expect, and we find 


;^IIA 

^linear 




2^00 — hog + -hgg j 


a' 


(hoi - hgi)x\ + {boi - bgi)dx. 


+ ^(^00 - hgg){xl -I- dxl) ^hij{xl^xl - dxl^dx^J + bijxl^dxl + bogXn ■ dxr, 


+- 


R /I 


' (X 


' \2 


hoiX\i{Xn + dx^) + I 


1 


dxn{xn + dx^) + x^dxn ■ Xj 


+ — I 


a' 


{Xn ■ dXnf + ^{xi + dxlf 


If we now define the (somewhat non-standard) light-cone coordinates 

1 




then we have 




IIA 

linear 


f ^ f o/ 1 

/ dTda ^ + Kidx'^r,) -h -h+_{xi + dxi) 

d n=l I ^ 


(4.10) 


(4.11) 


27r 
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+^hij{xl,xi - dx\dxi) + bijx\dxl, + b+-Xn ■ dxn + O | • 

We wish to compare this action to light-cone gauge string theory in a weakly curved background. 
To this end, consider 

S = j drda daX^dpx'^G^^{x) + d^x^^d^x'"B^^{x)^ , (4.13) 

where a, (3 denote the worldsheet coordinates r and a, jap is the worldsheet metric and 7 its 
determinant. We are always free to take the worldsheet to be flat, in which case 

S = ~ ^ , J drda ^ — x^x^G^i,{x) + dx^dx''G^u{x) — 2x^dx'^B. (4:.14) 

Since the worldsheet energy-momentum tensor vanishes, this must be supplemented with the con¬ 
straint 

(i;^ ± clx^)(x^ ± (9x^)G^,y = 0. (4.15) 

The light-cone gauge is defined by taking x^(r, cr) = r. Since we interested only in linear 

backgrounds, we set G^i, = where 7 _|_= —1 and pij = dij, and Bfj_^ = As 

usual in a light-cone treatment of gravity |^] , we can further use spacetime diffeomorphisms to set 
G _= 0 = G-i. The string action is then 

drda < —2x~ + x‘^ — dx^ + -|- h+jX* -|- h+-X~ -|- ^hij{x^x^ — dx^dx^) 

I .z z 



1 


+b^-dx + b+idx^ + bijX^dx^ + b-i ( ^(i;^ -|- dx‘^)dx'' — x ■ dxx^ 


(4.16) 


At first sight, the linear couplings to the background fields do not seem to match those in the action 
(4.12). However, the constraint (4.15) can be solved for x~ giving, again to linear order in 


X = ]^{x^ + dx^)+ + x'h+i+ ^{x'x^ + dx'dx^)hij+ ]^{x^ + dx‘^)h^_, (4.17) 

dx~ = X ■ dx + dx'^h+i + x^dx^hij + X ■ dxh+-. (4.18) 


To linear order, then, we can replace x~ and dx~ in the string action with (x^ -|- dx‘^)f2 and x • dx 
respectively. In that case, we find exact agreement with the Matrix string theory result (|4.12| ). In 
other words, we have succeeded in reproducing the correct form of the light-cone gauge type IIA 
string action in a weakly curved background. 


4.3 Ramond-Ramond couplings 

Turning to the R-R couplings in the action ( |4.g| ), let us consider the 3- form couplings, which could 
potentially give rise to D2-brane solutions. If we set the Born-Infeld field to zero, we find 


5c( 3) = ^ / STr I ) I , (4.19) 

where we have defined 

Cf = (4.20) 

Cf) = (4.21) 
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The couplings given in |17| differ considerably from the ones given here, since in 


(3) 

and terms were considered. Yet from our analysis it is clear that the other terms not only 
contribute, but are necessary in order to be able to write the couplings in the light-cone gauge. 


only the 


A nice check of the 3-form couplings (f.l9) is against the eleven-dimensional supermembrane 
theory. The connection between the light-cone treatment of the eleven-dimensional supermembrane 
in flat space and Matrix theory is well-known |33|. One can further argue that Matrix string 
theory is found by compactifying the light-cone supermembrane theory on a circle, the off-diagonal 
elements of the Matrix string theory fields being related to the infinite tower of Kaluza-Klein modes 
along the compact direction Given further that the light-cone supermembrane theory in an 
arbitrary supergravity background is known |]35|, 


37 ], one could in principle derive Matrix string 


theory in an arbitrary background using these techniques. Indeed, the Lagrangian density for 
the light-cone supermembrane in a curved (but not entirely general) background has been derived 
and it is easy to see that the methods of |34| would generate some of the couplings in (4.19) 


m ^ ^ 

'* ' ^ ^ (3) (3) 

of our Matrix string theory action. More specifically, the couplings to and are reproduced 

although, since the gauge = 0 was chosen in |Q, the coupling to these components of 

cannot be checked. Of course, neither can the couplings to the remaining R-R fields, since it is not 
known how or, indeed, if their eleven-dimensional counterparts couple to the supermembrane. 

It can be seen from (^]^) that as regards the R-R 5-form potential, only the terms of the form 

(5) (5) 

^ai a 49 contribute. It is easy to check that the terms involving Cai...a 5 would couple to the current 


Is, which was previously set to zero in order to match the action (2.4) with the action of the 
multiple DO-brane theory of |^, ^. Setting the Born-Infeld vector to zero, the remaining 5-form 
R-R field couplings can be written as: 




R 


Ang. 


drda STr ■ 


s a 


R 


—cj*! + I , 


(4.22) 


where we have defined 


Cj^J = [X’^,X^]DX^C. 


(5) 

ijkfiu' 


(4.23) 


Similarly, the couplings only have contributions involving terms of the form Cai...a 7 , since terms 
(7) 

of the form couple to currents for which the explicit expression is not known, corresponding 

to couplings in the DO-brane action (2.4). The Cai...a 7 terms can be written as 


'S'c(7) — 




OOvrgrf a' 


drda STr 


+ x^cP 


R v/2 


R v/2 


(4.24) 


with 


Cp = |X", ('‘■ 25 ) 

Let us for the sake of completeness also consider the couplings to 6^®^ and . As for 
only the terms with a 9-component appear in the action. The other components couple to currents 
for which the explicit expression is not known. The 6^®^ couplings can be written as: 


SrtR) — 


1 


IGirgi 


where 


R 




'a 


drda STr 


'a 




m = [x\x%x^,x%^ 


(6) 


(4.26) 

(4.27) 
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and the couplings are given by 


where 

JV<J = [X“, .Y'](X‘, X>]DY‘vg!,„^„. (4.29) 

Note that the couplings of the different fields occur at a different order of the expansion para¬ 
meter R/^/^. 


5 T-duality once more: multiple IIB F-strings 

To describe fundamental strings in the type IIB theory, we perform another T-duality in the x® 
direction, as in (3.7) and (3.5). As before, we assume that the worldvolume fields (the currents) do 


not change, so the flat action (4.3) is unchanged. The linear action (4.9) becomes 


qIIB 


linear 


^ {K, - Hab) If + + li^- ^99) If + 199) h 


- — [ drda —^ S'! 

27rJ 

- 2ha9lf + ba9lS " 


T gQ bd^...(1^9^4i 


Tai...as \ ^ IL Tai...ae9 

J-A “T ^gaai...a6-'6 


^ /^( 8 ) jai...a7 

33g^ai...a79 6 


(5.1) 


which should describe strongly coupled Matrix strings in the IIB theory, with the cnrrents as in 
the appendix, up to the coordinate transformations (4.2), and the rescalings X* —> \/^X* and 
9s —> ffs/(2vr). 

Note that precisely the same action is obtained if one applies the S-duality rules (|4.6|) and 
(4.7) to the Dl-brane action (|3.9|). Although this might be expected from the S-duality connection 


between D- and F-strings in the type IIB theory, it is not clear a priori how such an S-duality 
should be done directly, since we are dealing with non-abelian fields; as in Yang-Mills theory, we 
cannot rigorously perform a worldvolume duality transformation to show the S-duality equivalence 
between the two. 

It is worth pointing out however that the S-duality transformation of the NS-NS 2-form: 


6 ( 2 ) ^ _C( 2 ), 


0 ( 2 ) ^ 6 ( 2 ), 


(5.2) 


implies that the dynamics will now be governed by open D-strings, given that the invariant 2- 
form field strength that will conple in the worldvolnme is constructed with 0(2) instead of 6(2). 
Therefore the Born-Infeld field A shonld transform into a new worldvolume vector field A' whose 
abelian component forms a gauge invariant field strength with the R-R 2-form. The right S-duality 
transformation rule should be then 


A —> -A', A' —> A, (5.3) 

in order to match (^)^) . This cannot however be seen explicitly at the level of the linearized actions 
that we have considered. 
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The action above can be rewritten in a more convenient form, filling in the expressions for the 
currents as given in the appendix (upon the rescaling). In particular, for the Chern-Simons action 
we have: 


= ^ i-rda SH' P 


6 ( 2 ) + A F + ‘ 


'a 




R 


9s R 






R 




(5.4) 

Again we note that only half of the terms necessary to form the pullback of are present in the 
linear action. Some of the above couplings have been given before in |18||. 


6 T-duality along a transverse direction: multiple IIA strings with 
winding number 


Let us now also describe type IIA fundamental strings with winding number. The IIA strings that 
are described by Matrix string theory carry momentum p'^. This is the charge which is related 
by the 9-11 flip to the number of D-particles. T-duality in the x® direction gives IIB strings with 
winding number, which we have just checked are S-dual to multiple D-strings. Strongly coupled IIA 
F-strings with winding number can then be obtained from IIB strings by performing a T-duality 
transformation in a direction transverse to the IIB strings. These strings with winding number 
have interesting dielectric properties that we will discuss in the next section. 

Calling z the T-duality direction and a = (0, i), where now i = 1,..., 7, the linear action that is 
obtained from ( ^.Ij ) is given by: 

1 11 

'^Un'^ar = ^ j STV + Vabi^ “ -^hzz)) if - bazlf - + (p) If 


+ c!Szir - ^ (h99 - </- + ^hzz) If - Cfhf - I (^cP-hzz + hgg) ^ 

-2h,9/f - 2bz9lf + ba9lS + hz9lo " " ^Cab9lt^ + ^bablf^ - Ghazlf^ 


1 


1 


AtC^) rai...a 5 I_ jai... 

■•“go “1 ■••“592 4 “<■ 1 


12 
1 ^(7) 


1 1 
rai...a 42 , ^ /^(5) Tai...a49 , /^(3) jabcz9 

'-'4 ' ^2 + 2 F ' abc ‘^ 


^ ^(9) jai...a7 

220 '^ai ...a792'^6 


1 


rai...a62 j_1_ V7'(7) ;'ai...a69 , ja\...a5z9 

■'“48^ai...a69-'6 ^''ai...a6Z-'6 o"“l---“5^26 


( 6 . 1 ) 


The direction z in which the T-duality is performed appears as an isometry direction in the trans¬ 
verse space of the strings. We denote the corresponding Killing vector as 


= bf kfj, = rjz^ + hz^. ( 6 . 2 ) 

In a manner similar to the Kaluza-Klein monopole, the non-abelian strings do not see this special 
direction, the embedding scalar is not a degree of freedom of the strings, but is transformed 
under T-duality into a world volume scalar u [^]. This worldvolume scalar forms an invariant field 
strength with baz (see [^ ] for the details), and can therefore be associated to fundamental strings 
wrapped around the isometry direction z, which themselves end on the Matrix strings. 
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The action o can be written in a covariant way as a gauged sigma model, where gauge 
covariant derivatives VaX^ are used to gauge away the embedding scalar corresponding to the 
isometry direction |^]: 

= DaX^ - kpDaXPk^^, (6.3) 

with a = a,T. These gauge covariant derivatives reduce to the standard covariant derivatives 
DaX^^ for fi z and are zero for fi = z. The pull-backs that appear in the action of the F-strings 
with winding are constructed from these gauge covariant derivatives. For example, 


V 


5(2) 


= bp^VXf^VX’^dtdx 

= (bo9 + -^boiDX^ + -^hgX^ + ^bijXWxA dtdx. 

V a / 


(6.4) 


Filling in the expressions for the currents as given in the appendix (upon the rescaling) we can 
write the Chern-Simons action as: 


^linear = ^ ^Tr | V 


A F + ADuj + i(i[x,a;])^^^^ A F 


R 


+-^^(i[x,ta])C'^^^ + —(ixix)C'^^^ A Du) H- AF - -^^(ixix)ifcC'^^^ 

gsR gs gsVcF gsR 


= (ixix)^ifc^^®^ A Du) 


T--^(ixix)^ifcC'^^^ A F + — (i[x,a;])(ixix)ifcb^®^ + FT ^ 

2gsVa' gi 2^2 V a' 

+x-7(i[x,ia])(ixix)^iA:b^®^ AF - ■;^(ixix)^ifcA^^^^ - „2 , i^x^x)^'^kX^'^^ A F 

zgsOi ZQg oggOi 


iR^ 


R 


2gia‘ 


7(i[x,i.j])(ixix)^C'^'^^ + „ ^ (ixix)^ifcC*^^^ 


6^3 VcT 


(6.5) 


where we have introduced the following types of interior multiplication: 

{ik'^)iii...fj.p = = Fizpi...pp, 

{HxM^)t^i-t^P = ( 6 - 6 ) 

Again only half of the terms to form the pullback of and are present in the linear action 
Q- Some of the couplings in (|6.5[) have been derived earlier in [|^], applying T- and S-duality 
relations to the actions of D-branes. We will see in the next section that the presence of the isometry 
direction will enable us to find dielectric solutions of F-strings expanding into Dp-branes with p 
even. 


7 Dielectric solutions 


It is well-known in the case of D-branes that some of the linear couplings in (2.4) and ( |3.9D give 
rise to stable, dielectric configurations. In particular it was shown [^, that a set of coinciding 
Dp-branes in the presence of a (p -|- 4)-form R-R field strength will expand into a non-commutative 
or fuzzy two-sphere, This configuration is stable and can be identified with a fuzzy D(p-|- 2)- 

brane of topology x S'^q. This dielectric D(p -|- 2)-brane has no net (monopole) charge with 

respect to the (p -|- 4)-form R-R field strength, but it does have a dipole moment. 

In this section we will comment on various solutions describing F-strings expanding into D- 
branes. 
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7.1 Dielectric D-strings 

It is instructive to review the case of N D-strings expanding into a dielectric D3-brane in our 
notation. The action for N coinciding D-strings is given by the action (|3.5D for a flat background 
plus the action ( p.g| ) for the linear couplings, which in the static case (X* = DX^ = ^ = 0) gives 
rise to the following potential: 

= STr |-X[X,X]2 + , (7.1) 


where, in order to obtain the couplings to the five-form field strength, we performed a partial 
integration and a non-abelian Taylor expansion [^, |^ 


+ ... 

The equation of motion 

[[X-, X’],X1] + J = 0, 

is clearly satisfied for the following choice of and X*: 


^Odljk ~ f^ijk^ 

X* = — where 

4 


a^] = 2i 


Ajk 

(J , 


(7.2) 

(7.3) 


(7.4) 


where i,j,k = 1,2,3. In other words, three of the transverse coordinates of the 
N X N matrix representation of SU{2). The D-strings have expanded into a fuzzy 
radius 


= ^Tr(X*X*) = - 1), 


D-string form a 
two-sphere with 

(7.5) 


representing a (fuzzy) D3-brane of topology x with no net D3-brane charge, but with a 

dipole moment with respect to The potential (fl.lj) for the solution {T_A) gives 




-—f^N(N^ - 1 ), 

384^ V J, 


(7.6) 


which is clearly negative. The dielectric D3-brane thus has a lower energy than the original con¬ 
figuration of N coinciding D-strings, and the latter will spontaneously decay into the former. 


7.2 Dielectric F-strings in type IIB 


It is clear that for the type IIB F-strings, a similar effect will occur. If we compare the linear 
couplings ( |5.4|) of the type IIB F-strings with those of the D-strings ( 3.10 ), we notice that, although 
the former now has a monopole charge with respect to the dielectric coupling to is identical 
to that for the D-strings. Hence the action ( |5.4|) for N coinciding type IIB F-strings gives rise to 
the same type of potential: 


rS® = STr + ^x'‘XiX'F}^^ , (7.7) 

where now we performed a non-abelian Taylor expansion 

,(0)X‘ + ... (7.8) 
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Clearly, the potential (O) has a solution of the same type as (O): 

^09ijk ~ f^ijk, 

X^ = -^fa^ where [a\a^ = 2i (7.9) 

The interpretation now is that the N F-strings have expanded to form a fuzzy D3-brane with 
topology X the S-dual of the D1-D3 configuration described above. Again this is a stable 
configuration with radius and energy as in (|7.5|) and o respectively. 

Similarly, the (ixix)^ couplings in (^.^) indicate that F-strings can expand into an NS5- 
brane with quadrupole moments, this being the S-dual of a D1-D5 configuration. A solution of N 
D-strings expanding into a D5-brane was given in |Q], using the gamma matrices of 50(5). This 
solution however turned out to be unstable, and we expect to find a similar unstable solution here. 


7.3 Matrix string theory: dielectric F-strings with momentum in type IIA 


The case of type IIA Matrix string theory is more subtle. A solution, claimed to describe N F- 
strings expanding into a spherical D2-brane, has been given in |17|. There, the O^^^-couplings were 
considered in the static gauge t = t, 

The potential is then 


Q 

a = X , 


rather then in the light cone gauge as in section 4. 




= STr 


FI 


1 




+- X’^X^X^R 


(4) 


3ft 
44 ) _ 


Oijk 


(7.10) 


which clearly has a minimum of the form ( |7.9|) with = fsijk- However, the question arises as 
to whether this solution really corresponds to a string expanding into a D2-brane, given that the 
worldvolume of the D2-brane ((t, x*) in Cartesian coordinates) does not contain the world sheet 
direction, x®, of the string. How a collection of strings could give rise to such a solution, where no 
trace of the spatial component of the worldvolume of the strings is found, is unclear. Moreover, 
the dipole coupling (ixijs:)^^^^ in the Chern-Simons action, that would describe such a situation, 
cannot appear as a pull-back to a two-dimensional worldvolume. Nor is it possible to construct 

from the action ( 4.1S| ) a R-R four-form field strength coupling of the form Fogij or _ ij, which 

would include the world sheet coordinate of the string in the dielectric brane. 

Let us take static gauge X^ = a in the linear action (O) so that we can better identify 
the dielectric couplings that appear in the Chern-Simons part of this action. In that case, one 
immediately realizes that the couplings cannot be written as a pull-back to a two-dimensional 
worldvolume. Moreover, the different terms can be organized as pull-backs to a one-dimensional 
worldvolume which has A® as an isometric direction. It turns out that the resulting action describes 
multiple pp-waves carrying momentum along the A® direction, as in [^. Pp-waves carrying 
momentum in a compactified direction are, of course, T-dual to fundamental strings wound around 
this direction |41, |^. There is a sense, then, in which waves can be considered as fundamental 
strings carrying momentum (see ||4^ for a discussion of this point). We have found that the action 


that describes type HA Matrix strings coupled to background fields reduces to that describing 
multiple waves when one goes to the static gauge, which is in agreement with the fact that Matrix 
strings carry momentum along the compactified direction. 

The interpretation in terms of waves sheds some light on the dielectric solution for HA Matrix 
strings constructed in [^]. Recall that the description of multiple waves is in terms of a gauged 
sigma model in which the direction of propagation of the waves is isometric [^]. Indeed, in this 
action one finds a coupling (ixix)C'^^^ to the worldvolume [^], but now the pull-backs include 
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gauge covariant derivatives (see the discussion about gauged sigma models in section 6) which 
gauge away as a world volume scalar. The resulting dielectric D2-brane is therefore constrained 
to move in the space transverse to the isometric direction. 

In summary, we believe that the solution 


^Oijk ~ 

Xi ^ -^fa^ where [a\a^] = 2i (7.11) 


presented in |]^ corresponds to a set of N gravitational waves expanding into a spherical D2-brane, 
which again is a stable configuration with radius and energy as in (7.5) and 00. 

We have argued in the introduction that we do not expect to find stable solutions describing 
F-strings expanding into a cylindrical D2-brane. Since we cannot find a coupling of the F-strings to 

either Fogjj or _ ij, which would give rise to such a dielectric brane, this expectation is confirmed. 

Such a configuration simply does not exist in the type IIA Matrix string theory. Although we find a 
possible cylindrical D2-brane solution below, it is unstable. Whether it corresponds to the unstable 
abelian D2-brane solution is unclear, however. 


7.4 Dielectric F-strings with winding in type IIA 

Coinciding F-strings with winding can expand into a spherical D4-brane in the presence of an R-R 
6 -form field strength. We can see this by analysing the couplings in the action (^), which 
can be rewritten as the following coupling to the R-R six-form field strength: 


~ i STvIv'-'XW-fS.,,} ■ (7.12) 

It is then clear that a stable solution of the potential 

= STt ^1= + , (7.13) 

is given by 

^mzijk ~ f^ijk, 

A* = where [a'',a^] = 2i (7-14) 

and corresponds to N F-strings expanding into a D4-brane, which is itself wrapped around the 
isometry direction z. We believe this solution corresponds to the (smeared) supergravity solution 
of an F-string expanding into a D4-brane, the T-dual of the fully localized F1-D6 solution given in 

IJ. 

Coinciding F-strings with winding also have couplings to the R-R 3-form field potential, which 
seems to suggest an expansion into a cylindrical D2-brane. Yet these C^^^-couplings have an unusual 
form, due to the presence of the world volume scalar field a;. In the static case the potential is 
given by 

1^1* = STY + [^, I . 

(7.15) 

■^A similar type of solution, for a magnetic 4-form field strength, has been constructed in 0. 
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It is easy to check that the following Ansatz 


4% = 

[X\X^]=Q, 


[X\uj] = igsfe^^X^ 


( 7 . 16 ) 


where i,j = 1,2, is a solution of the equations of motion 


[[X\X^],X^] + [[X\u:]M - igs[X\u:]F^f^^ = 0 , 


09ij 


[[X\uj],X^]-U[X\X^]fI^^I^=0. 


( 7 . 17 ) 


The solution ( 7.16 ) is the algebra of the symmetry group of a cylinder. A similar solution was 
recently given in |45| using DO-brane matrix degrees of freedom^. This brane has no net monopole 
charge with respect to the F^^'^ field strength but carries a dipole moment in the XZ and YZ planes. 

From (1^) , the worldvolume of the D2-brane is {t,x^,x^) in Cartesian coordinates, which 
suggests a cylindrical worldvolume. However, the proper interpretation is not entirely clear since 
the solution explicitly involves the worldvolume scalar field uj. It is possible that this solution is 
dual to the unstable solution of the abelian D2-brane theory, since it turns out to correspond to a 
maximum of the potential and is therefore unstable. The only stable radius for the cylinder is 


= ^Tr(Y*X*) = 0 , 


( 7 . 18 ) 


as might be expected from the analysis of i0- There is another remark we would like to make: 
an explicit representation of the cylindrical algebra (f7.16|) is [45| 


^ab = gsf^abb, X^ = R{a + a^), X"^ = iR{a^ - a) 


aab = e 


0-ab ~ ^ “a+l,b) 


( 7 . 19 ) 

( 7 . 20 ) 


where a,b = 1,... ,N and for some arbitrary phase H, is only possible for the infinite-dimensional 
case. There are no finite-dimensional representations of ( 7.16| ), which makes the solution rather 
unphysical, requiring an infinite number of F-strings for the effect to take place. 


8 Discussion 

The dielectric effect of Myers Q is not limited to D-branes, but should be observable in a theory 
of fundamental strings too. To describe such dielectric F-strings, we are led to a consideration of 
Matrix string theory, which captures type IIA superstring theory in the light-cone gauge, together 
with extra degrees of freedom representing D-brane states. 

We have shown explicitly that the Matrix theory action in a weakly curved background repro¬ 
duces the lowest order expansion of the combined non-abelian Born-Infeld-Chern-Simons of Taylor 
and van Raamsdonk |^] and Myers ||^. Using T-duality and the 9-11 flip, we have derived the 
Matrix string theory action in a weakly curved background and shown that, in the weak string 
coupling limit, the result reproduces light-cone gauge string theory. We have not been able to find 
explicit solutions describing dielectric Matrix strings expanding into a D2-brane in this theory, and 


have argued that this is to be expected. We have further argued that the solution found in ||l7 | 


®This can be done by adding a small number of DO-branes to the Fl-D2-brane system and taking then the DO-brane 
density to zero. 
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(in which the static, as opposed to the light-cone, gauge was considered) in some sense describes 
dielectric particles or pp-waves, carrying momentum. 

We have derived a, strongly coupled, type IIB Matrix string theory, S-dual to the D-string 
theory, and a, strongly coupled, type IIA theory of Matrix strings with winding. As regards 
the former, the standard D1-D3 dielectric solution of the D-string theory equally well describes 
a collection of F-strings expanding into a D3-brane and other, albeit unstable, solutions of the 
D-string theory carry through in a similar way. The theory of Matrix strings with winding exhibits 
an isometry direction, in a manner similar to the theory of the Kaluza-Klein monopole, and one 
can find dielectric D4-brane solutions which are smeared over this direction. Finally, we have 
mentioned a cylindrical solution, the interpretation of which is somewhat unclear since it involves 
the worldvolume scalar u). 

On a different note, one might expect to find solutions of the type IIA Matrix string theory 
corresponding to the cylindrical supertubes of |^, ^]. As far as both the D2-brane theory and the 
supergravity solutions are concerned, these involve a cylindrical D2-brane with dissolved F-string 
and DO-brane charge. The configuration is supported from collapse by an angular momentum in 
the circle direction. It should be clear that possible solutions of Matrix string theory corresponding 
to such supertubes would then involve couplings to both and As far as the DO-branes 

are concerned, however, the D2-brane worldvolume is a non-commutative cylinder |^ , ^|. Then, 
since the F-strings lie in the direction along the cylinder, the worldsheet direction would also have 
to be non-commutative — and this cannot occur in Matrix string theory. 

The proper determination of both the Matrix and the Matrix string theories in an arbitrary 
background remains an open problem. Of course, they could be determined by duality transforma¬ 
tions of multiple D-brane theories in an arbitrary background, but the correct form of the latter is 
also only poorly understood; and so are the duality transformations for these non-abelian actions. 
We are tempted to think that one might make progress via a comprehensive treatment of light-cone 
gauge supermembrane theory in a general background. 
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A Appendix: D-string currents 


T-duality applied to the DO-brane currents is explained in the text, 
for completeness. With z, j = 1,..., 8, we have 

We give the final results here 

II 

(A.l) 

II 

(A.2) 

It = Ai, 

(A.3) 


(A.4) 

= -\dX\ 

2 6/3 

(A.5) 

7*3*^ = -^ ( A* [X^ ,X^]+ X^ [X^ , A*] + X^ [A*, A^ 

l) , (A.6) 
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r9*J _ 
^2 ~ 

-A (^iA[X\xY - X^DX^ + A^FA*) , 

(A.7) 

II 

0 

([A\ A^■][A^ A^] + [A\ A"][A', A^'] + [A\ A'][A^ A^]) , 

(A.8) 

j09ij k 

24 ~ 

^ (fa'IA^A"^] +FA^■[A^A'] +FA'=[A',A^]) , 

(A.9) 

II 

1 ^ 

-^A[*[A^A^][A^A-l], 

(A.IO) 

rdijkl 
-'4 — 

(^i[A[^A^■][A^A']] +4iA[*[A^A'=]FA']) , 

(A.ll) 

jOijklmn 

— 

^[A[^A2][A^A'][A”^,A’^1], 

(A.12) 

j09ijklm 
^6 — 

^dx^xYx\x\x^\ 

p 

(A.13) 

jijklmnp 
^6 — 

^ A[* [X^ , xY [A', A™] [A*", AP]], 

P 

(A.14) 

II 

C5 ZO 

^ (^^i[A[^A^■][A^A'][A™,A"l] -6A[*[A^A^][A',A'"]FA’"1) . 

(A.15) 


In terms of pullbacks of background fields, we have (for (5 = X and a, 6, = 0,8) 

dtdx = A F, (A.16) 

(c2)/o“ + 9) dtdx = P[C(2)] + jP[{ixix) C(2)] A F, (A.17) 

dtdx = jP[iixix) C(")] - C(4)] A F, (A.18) 

dtdx = -^P[iixix?C(^)] - ^p[(i^i^)3 ^(6)] A F, 

(A.19) 

+ • • •) dtdx = -^^Piiixix f c®] + ^P[(i^i^)4 c(8)] A F, (A.20) 


giving the action ( 3.10| ) in the text. The dots stand for the unknown coupling to which, of 
course, could be determined by demanding that it can be rewritten in terms of the pullback. The 
dilaton current is 


1 ■ 


1 \2 
^-2 , ^ r,v2 , a2 


1 


1^ = 1- x^lt+ x^ + J^DX^ + -A^ - ^[X, XY ]-^[X, A]" - 


A2 


2/3^ 


4 

1 ■ 


4/32 
A2 


8/32 


1 


8/34 


il 

2/32 


A • DX 


A2 


+ ^FA2 ( 1 - Ax 2 - A_FA2 + —i2 _ 


A2 


4/32 

1 ,vo A2 


8/32 


A 


[A,A]2 - — FA*[A*, A^][A^ A'^JFA'' 


2/3' 


A2 , 


4/3' 


8/32 


A2 ( 1+Ax^-^FA2 + —A^-^[A,A]2 ) + ^A*[A*,A^][A^A^]A^ 


2/32 


4/32 


[A,A]2 1- X2 + 


1 -VO A2 A2 -r. 1 ,„oA /A2 


4/32 


rFA2-A2 - 


8 / 32 ' ’ V /32 


[A,A]2 - ^AFA*[A*, A^]A^ (A.21) 
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and the remaining NS-NS currents are 


rOO _ 
ih — 


jOi _ 

Ih — 


r09 


-'ft 


1 + + -^DX^ + — 

2 2/32 2 4/32 ^ J ’ 


1 


XM 1 + + ^DX‘^ - -^[X,xf 


2/32' 


1 

4^2 1 


-^[X*,X^] fAML»X^ -i[X^X'']X* 

fj \ 

XAli + lx + - ^OX'‘ - X[X, Jf]d + '^DX‘\X\X1\X1, 


A 


1 


= X*X^ - ^DXWX^ - ^[X\X^][X'',X^], 


j9i _ 

-'ft — 

r99 _ 

-'ft — 

rOi _ 

-'s 

j09 _ 


pj 

s 


j9i _ 


/32 /32' 

Aix'-^[X',X^pX^ 

P 

A^i^ _ ^DX\ 


(A.22) 

(A.23) 

(A.24) 

(A.25) 

(A.26) 

(A.27) 

(A.28) 

(A.29) 


—[x^x^■] ( 1- -x2 _ ^^2 ^ ^Dx^ - ^[x,x]M - -x[nx^],x'=]x'= 

2/3^ ’ ^ V 2 2 2/32 4A2^ ’ V /3 

+^ix[*A)X^'] + ^A)X[*[X^'1,X^]Z3X^ - ^[X\X^][X^,X'][X^X^'], (A.30) 

fj jO ^P 

—DX^ ( 1 - -x2 ^ - ^[X, X]2 

2/3 V 2 2 2/32 4/32^ ’ ^ 

-^i[X\X^]X^- + ^^'-DX • X - ^[X\X^][X^,X^]DXK (A.31) 


1 • 


References 


[1] R. Emparan. Phys. Lett., B423:71, 1998. hep-th/9711106 . 

[2] R. C. Myers. JEEP, 9912:022, 1999. |hep-th/99100^ . 


[3] W. Taylor IV and M. van Raamsdonk. Nucl. Phys., B573:703, 2000. |hep-th/9910052 . 

[4] S. P. Trivedi and S. Vaidya. JEEP, 0009:041, 2000. |hep-th/0007011 . 


[5] M. S. Costa, C. A. R. Herdeiro, and L. Cornalba. Nucl. Phys., B619:155, 2001. hep-th/0105023 


[6] R. Emparan. Nucl. Phys., B610:169, 2001. |hep-th/0105062 


[7] D. Brecher and P. Saffin. Nucl. Phys., B613:218, 2001. hep-th/010620t . 


[8] P. J. Silva. “Matrix string theory and the Myers effect”, bep-th/0111121 


[9] L. Moth “Proposals on nonperturbative superstring interactions”. hep-th/9701025|. 


23 

















[10] T. Banks and N. Seiberg. Nud. Phys., B497:41, 1997. |hep-th/9702187 . 


[11] R. Dijkgraaf, E. Verlinde, and H. Verlinde. Nud. Phys., B500:43, 1997. |hep-th/970303C . 

[12] M. Claudson and M. B. Halpern. Nud. Phys., B250:689, 1985. 


[13] T. Banks, W. Fischler, S. Shenker, and L. Susskind. Phys. Rev., D55:5112, 1997. hep- 
I th/9610~043|. 


[14] W. Taylor IV. Phys. Lett, B394:283, 1997. |hep-th/9611042 . 

[15] D. Rabat and W. Taylor IV. Phys. Lett., B426:297, 1998. [iep-th/9712185 


[16] W. Taylor IV and M. van Raamsdonk. ,JHEP, 9904:013, 1999. hep-th/9812239| . 


[17] R. Schiappa. Nud. Phys., B608:3, 2001. |liep-th/0005145 


[18] Y. Lozano. Phys. Rev., D64:106011, 2001. |hep-th/0012m . 


[19] W. Taylor IV and M. van Raamsdonk. Nud. Phys., B558:63, 1999. hep-th/9904095 . 

[20] J. Polchinksi. Prog. Theor. Phys. SuppL, 134:158, 1999. [hep-th/9903165 . 

[21] L. Susskind. “Another Conjecture about M(atrix) theory”. |hep-th/970408C . 

[22] N. Seiberg. Phys. Rev. Lett., 79:3577, 1997. hep-th/971000g| . 

[23] A. Sen. Adv. Theor. Math. Phys., 2:51, 1998. hep-th/970922C. 


[24] M. R. Douglas. Nud. Phys. Proc. SuppL, 68:381, 1998. |hep-th/9707228 . 

[25] M. R. Douglas, A. Rato, and H. Ooguri. Adv. Theor. Math. Phys., 1:237, 1998. hep-th/9708012 

[26] M. R. Douglas and H. Ooguri. Phys. Lett., B425:71, 1998. hep-th/9710178| . 


[27] A.A. Tseytlin. Nud. Phys., B501:41, 1997. |hep-th/9701125 


[28] A. Dasgupta, H. Nicolai, and J. Plefka. JHEP, 0005:007, 2000. hep-th/0003280 

[29] J. Plefka. Int J. Mod. Phys., A16:660, 2001. |hep-th/0009T^ . 

[30] Y. Hyakutake. “Expanded Strings in the Background of NS5-branes via a M2-brane, a D2- 
brane and DO-branes”. hep-th/0112073 . 

[31] E. Eyras, B. Janssen, and Y. Lozano. Nud. Phys, B531:275, 1998. hep-th/9806169 

[32] M. Goroff and J. H. Schwarz. Phys. Lett., B127:61, 1983. 

[33] B. de Wit, J. Hoppe, and H. Nicolai. Nud. Phys., B305:545, 1988. 


[34] Y. Sekino and T. Yoneya. Nud. Phys., B619:22, 2001. hep-th/0108176 


[35] E. Bergshoeff, E. Sezgin, and P. R. Townsend. Phys. Lett., B189:75, 1987. 

[36] B. de Wit, R. Peeters, and J. C. Plefka. “Supermembranes and Supermatrix Models”. In 
1. Antoniadis, L. E. Ibanez, and J. W. E. Valle, editors, Valencia 1997, Beyond the standard 
model: From theory to experiment, page 433. World Scientific, 1998. hep-th/9712082. 


24 














































[37] B. de Wit, K. Peeters, and J. Plefka. Nud. Phys., B532:99, 1998. bep-th/9803209 


[38] E. Bergshoeff, B. Janssen, and T. Ortm. Phys. Lett., B410:131, 1997. bep-th/9706117 . 

[39] M. R. Garousi and R. C. Myers. Nud. Phys., B542:73, 1999. hep-th/980910C. 


[40] E. Bergshoeff and P. K. Townsend. Nud. Phys., B490:145, 1997. hep-th/9611175 . 


[41] E. Bergshoeff, I. Entrop, and R. Kallosh. Phys. Rev., D49:6663, 1994. hep-th/9401025 . 

[42] B. Janssen. Fortsch. Phys., 47:201, 1999. 

[43] C. M. Hull. Nud. Phys., B509:216, 1998. |hep-th/9705T62. 


[44] S.R. Das, S.P. Trivedi and S. Vaidya. JHEP, 0010:037, 2000. hep-th/0008203| . 


[45] I. Bena. “The polarization of El strings into D2 branes: Ant Caesar aut nihil”. hep-th/0111156 


[46] D. Mateos and P. K. Townsend. Phys. Rev. Lett., 87:011602, 2001. hep-th/010303C| . 

[47] R. Emparan, D. Mateos, and P. K. Townsend. JHEP, 0107:011, 2001. hep-th/0106012| . 

[48] D. Bak and K. Lee. Phys. Lett., B509:168, 2001. hep-th /0103148| . 


[49] D. Bak and S. Kim. “Junctions of Supersymmetric Tubes”, hep-th/0108207 . 


25 






















